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ABSTRACT 



In this note we search for large distance solutions of Horava gravity. In the case of the "detailed 
balance" action, gravity solutions asymptote to IR only above the cosmological constant (~horizon) 
scale. However, if one adds IR dominant terms aR^^^ + f3Aw, one can recover general relativity 
solutions on usual scales in the real Universe, provided one fine-tunes the cosmological constant, 
reobtaining the usual cosmological constant problem. We comment on pp wave solutions, in order 
to gain insight into the relativistic properties of the theory. 
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In a recent paper [T] (based on the earlier work in [2]), Horava proposed a new theory, or rather 
a class of theories, for gravity in four dimensions, that is nonrelativistic in the UV, i.e. time plays a 
special role, but should become relativistic and flow towards the usual general relativistic Einstein- 
Hilbert action in the IR. The important feature of this class of theories is its power counting 
renormalizability, at least around the flat space vacuum solution, so that one could maybe consider 
it a UV completion of general relativity. This does not preclude an embedding in string theory, 
just as the renormalizability of Yang-Mills theory does not preclude it being embedded in string 
theory, but it opens up new and interesting possibilities. A number of papers on Horava gravity 
have recently appeared [31 HI El El El El El Hffl ttH US]- Most of them examine issues of cosmology 
arising from it, and in [9] solutions to Horava gravity were analyzed. The purpose of this note is to 
see whether the simple "detailed balance" proposed by Horava is enough, or rather one must add 
extra terms, and also to examine the relativistic properties of the action. 

The ADM parametrization of a metric in 3+1 dimensions is 

ds^ = -N^dt^ + gij{dx' - N'dt){dx^ - N^dt) (1) 

Horava proposes that one takes a nonrelativistic gravity theory, where the functions N, Ni and 
Qij are taken to be independent, thus such that there is no general covariance with respect to the 
4d ADM metric ([T]). In his theory, space and time scale differently in the UV, where one defines 
the theory, 

x^hx; bH (2) 

with zuv = 3. The kinetic term of Horava's nonrelativistic gravity is 

Si^ = ^ j dtd^xN{KijK'^ - XK^) (3) 

where, with the given scaling, both k and A are dimensionless couplings and where Kij is the 
extrinsic curvature of the ADM foliation, 

Kij = ^ im, - V.iVj - VjN,) (4) 

For A = 1 we get the kinetic (time derivatives) part of the four dimensional Einstein-Hilbert term 

Seh = j d'x^N{KijK'^ -R^ + R- 2A), (5) 

where R is the three dimensional Euclidean Ricci scalar for gij. 

Horava then adds a nonrelativistic potential Sy- Purely for conditions of simplification, one 
can choose the potential satisfying the "detailed balance" condition, 

Sv = ^ [ dtd^x^gNE^^g,,uE'^- ^E^^ = ^^^^ (6) 

where Gijki is the inverse of the De Witt metric, and is a 3d euclidean action. Horava then 
chooses 

W = ^J t^3(r) + /i y d^x^iR - 2Aw), (7) 

where the first term is a Chern-Simons term, with the dimensionless coupling w, which defines 
Horava gravity in the UV, and the second is a 3d Einstein-Hilbert term with a coupling n of 
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dimension 1 and a 3d cosmological constant A.\\r of dimension 2, which is expected to be subleading 
in the UV (i.e., at short distances), and is just a simple choice of relevant deformation. 

In the UV, this theory is power counting renormalizable, at least around the flat space (vacuum) 
solution. This action, after an analytical continuation, can be written as 



Sh = j dtd^x{Co + £i) 



8(1 - 3A) 



(AwR - 3A^) 



32(1 - 3A) 
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2w^ ^ 
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and C'^ = e'^'^VkiRj - \r4) is the Cotton tensor. 
Its equations of motion were found in [9l [7] and are 
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where the first two lines are the and Ni equations, with the Ni equations satisfied identically for 
static solutions, and the third is the gij equation, where E^j'^'^^ come from Ci and E^)''^^ comes 
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from the kinetic term in Cq, while • comes from the 3d Einstein-Hilbert term. Here 
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In the IR, the terms of lowest dimension should dominate, so these are the terms in Cq. More- 
over, we see that for (quasi)static solutions, the three dimensional Ricci scalar R and the cos- 
mological constant Aiy will dominate. From the fact that the effective speed of light is c = 
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K^^Y^Wy(3^^^0/4 ^iid the cosmological constant is A = 3/2Avy we would hope that this would 
be enough to get the most general Einstein-Hilbert theory. But in fact, by comparing Cq and Ci 
we see that, at least naively, "the IR" where four dimensional general relativity is supposed to 
be recovered is where the three dimensional curvature of the solution R is much smaller than the 
cosmological constant scale, i.e. R <C A^y ~ A. However in that case, the cosmological constant 
A will dominate over the four dimensional curvature R'^^\ so this would correspond in the present- 
day Universe to the rather uninteresting case where we look at scales larger than the cosmological 
constant (~horizon) size. We will study in the following whether this naive expectation is correct 
and whether it can be circumvented. 

Fortunately however, the solution to this problem is just to go beyond the overly simple "de- 
tailed balance" action to a more natural case. To the action Sh satisfying detailed balance one can 
in principle add various other possible terms that become subleading in the UV (relevant deforma- 
tions), besides the ones proportional to /i. In particular, the terms most dominant in the IR that 
one could add are an arbitrary 3d Einstein term and a cosmological term, and they break detailed 
balance only softly [T^ . For ease of comparison with the above, we will write them as 

SSh = -J dtd^x^N^^^^^AwiaR + f3Aw) (11) 

so that in Sh there is a term corresponding to a = 1 and /3 = — 3. The addition of this term then 
only changes 

(AwR - 3A^) ^ ((1 + a)AwR + (/? - 3)A^) (12) 
in the first (N) equation of Q and changes the expression for E^j in (jlOp to 



(1 + a)iRij - ^Rgij) + ^-^Awg^j\ - (1 + a) (v^V^ - gijVkV'^N (13) 



and the rest remains unchanged. 

In the UV region (at short distances), the theory will be nonrelativistic, and we must use an 
action like Sh + SSh with classical values for the couplings k, A, w, /i, A]y,a, (3. However, if Horava 
gravity is to be of use for the real world, we want to ascertain what happens on usual scales. 
Then, we must consider scales that are much smaller than the cosmological constant scale (which 
is comparable with the horizon size), but much larger than quantum gravity scales, thus "in the 
IR". In that regime however, it is clear that the couplings will be heavily renormalized, away from 
their classical values. We expect that at least the renormalized coupling A,, should approach the 
Einstein-Hilbert value of \eh = 1- Also, because of quantum corrections, we expect that even if 
we have a ~ /? ~ in the UV, in the IR they should be nonzero. 

Therefore in the rest of this note we will consider the theory "in the physical IR region", i.e. 
with renormalized couplings taking some effective values, and on scales larger than quantum gravity 
scales ("IR"), but smaller than the cosmological constant (~horizon) scales ("physical"). We should 
use an index r for renormalized couplings in the IR, but by an abuse of notation we will drop them. 

We will first look at the undeformed theory, with a = (3 = 0, and study ^ci5'4-type solutions 
in Poincare coordinates. In [9j, AdS^ in global coordinates was found to be a solution in the 
undeformed theory only on distance scales larger than the AdS (~horizon) size, i.e. for r^y—A^/ ^ 
1, in accordance with the naive expectation above. However, below that scale naively one still 
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has no general relativistic invariance, and since the transformation between global and Poincare 
coordinates is four dimensional, a priori it is a different calculation. Therefore we take the ansatz 

= -N^dt^ + L\r'dx^ + %)= L\-r'ydf + r^dx^ + %) (14) 

and keep N arbitrary for the moment. Since this is a static solution, the Ni equations of motion 
are satisfied. On this background, Rij = —2L~'^gij and = 0. For a = (3 = 0, the gij equation 
reduces to 



3Ah/ - L 




where the column corresponds to i^j = 1,2 and r, respectively. Note for later use that the on 
the position of r would be replaced by a constraint if we replaced g^r = I?' jr^ with g^^ = L^/r^. 
The equation of motion then becomes 



We see that the unique solution is L^^ = —A\y, with N{r) arbitrary (in the above we have 
substituted the power law N = r^, but keep general we see that it is in fact unconstrained). 
This is the same rather strange solution obtained by [9] in global coordinates, but as we said, 
because of a priori lack of general coordinate invariance it was not obvious we should still have it. 
Turning on a and /3, we obtain for the gij equation 

^ H- AT 

8(1 -3A)^*^' 

-^Al^-{Aw + L-' + aAw)L-'{''\ =0 (17) 




and for the equation 



2 



= l + a±^a{a + 2) + ^ (18) 

Imposing that y=0 (Euclidean AdS^) or 1 (AdS/^) are the only solutions, we get a contradiction 
between ()17p and (jl8p . Imposing instead that the coefficient of y{y — 1) vanishes, we get 

= -A^(l + a); P = -3a{a + 2) (19) 

and then it turns out that N factorizes, and N is actually arbitrary, so this is a generalization to 
nonzero a, (3 of the strange solution above, so the relation between a and /? is a generalization of 
the detailed balance condition. 

Note however that for a, [3 arbitrary there is no Poincare AdS^ solution at all! 

We now observe that flat space, A^ = 1, Aj = 0, gij = dij, is a solution of the action if and only 
if /3 = 3, i.e. if there is no cosmological constant term in the action, independent of any other 
parameters in the action. In the case of the solution in (jl9p . — > oo gives a flat space limit, 
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independent of the value of Avk, and we obtain a — > —1,(3 3, i.e. both the 3d Einstein term, 
and the cosmological constant, vanish. However, to obtain the flat space solution from the start, 
only /9 — > 3 (no cosmological constant term) is needed, but a can be arbitrary. Moreover, in the 
case /3 — > 3, the solution of (fTH]) becomes 



L- 



^ p-3 

Aw ^ 6(1 + a) 



(20) 



Then, provided y = or 1, (fTTl) is also satisfied to 0th (leading) order in L~^/Avk, specifically 
the column term vanishes (where we should replace = L'^/r'^ with = L'^/r'^, as mentioned 
before) and the rest is negligible. 

For the purpose of searching for AdS black hole solutions in the a, /3 deformed theory, we will 
re-analyze the spherically symmetric ansatz considered in [9], 



.N^rfdt^ + 4^ +r\de^+ sin' 

fin 



(21) 



Following [9], we substitute the above ansatz with arbitrary N and f in the action and vary. We 
obtain the reduced Lagrangean 
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Then the equation of motion is just C = 0, and the / equation of motion reduces to 



'•dr In 
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2(1 + a) 



A-1 
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Awr '' ' Aiyr^ 
We obtain that pure AdS 4 in global coordinates. 
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iV2 = /(r) = 1 - aAwr' 



(22) 
(23) 

(24) 



(here a corresponds to L"^/ (— A^k) in the Poincare coordinates case) is a solution of the / equation, 
independent on anything else. If o = 1 + a however, we obtain that the coefficient of the A'^ 
dependence is zero, so A^ is actually unconstrained, as was the case at a = /? = 0. 
The A^ equation gives 



3 

-3Awr^[a^ - 2a(l + a) + 1 - -] 

3 







l + a±W(l + Q)2 + 



(3-3 



l + a± \ a{a + 2) + 



/3 



(25) 



so just fixes a in terms of a and (3. Note that for the solution with a minus sign, the sign of a 
is correlated with the sign of 3 — /3 (the sign of the physical cosmological constant). The solution 
with a plus sign is most likely pathological. 

Therefore, at arbitrary q,/3 we have an AdS/^ solution in global coordinates with a fixed and 
N"^ = f also fixed. Thus as in the case of the deformation C = Cq + {1 — e'^)Ci considered in [9], 
the deformation fixes the arbitrariness of A^, while leaving the AdS^ solution intact. 

If /? = —3a{a + 2) however, we have a = 1 + a, and N is arbitrary is a solution, since this is a 
generalization of the detailed balance condition. 
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We should not be too happy about the pure global AdS^ solution at arbitrary a,/? however, 
since as we saw it is not a solution in the Poincare coordinates. This is consistent, since as we 
discussed, if a and /? arc arbitrary and generic, general covariance is supposed to be recovered only 
at large distances, which specifically means |A|r^ 3> 1 (on scales much larger than the AdS scale). 
Only if /3 — 3 ~ (i.e., /3 — 3 <C 1 + a) we can hope to have general covariance restored "in the 
physical IR" (on usual scales) as well. In that case, the cosmological constant of the solution is 

6 — 3 

- aAw -j^—^Aw < Aw (26) 
and Aw just plays the role of one of the scales in the Newton constant, through 



= — V 3A-1 ^^^^ 

and the existence of the (exact vs. approximate) solution in both global and Poincare coordinates 
is physically meaningful. 

In general relativity, the most general rotationally invariant solution in the present of a cosmo- 
logical constant is the AdS black hole (Birkhoff's theorem), with 

iV^ = / = 1 - aAwr'^ - — (28) 

r 

With nonzero M, the equation of motion for / is still satisfied by this solution. The N equation 
of motion then splits into terms proportional to Awr"^, terms proportional to M/r, which are both 
satisfied, and terms proportional to M^/(r^Av^), which are left over: 

3 

and thus would only vanish for A = 1/3. However, in the physical case of A = 1, or in fact at any 
A, we conclude that we still have a solution (to first nontrivial order in M), provided we restrict 
ourselves to r S> {M/AwY^^- In the case of the real Universe, we must also choose r ^ {aAw)~^^'^ 
to be on sub- horizon scales. This is the specific meaning of "in the physical IR" that we were 
looking for. 

Note that if we had a ~ 1, i.e. /3 — 3 ^ 1, this condition would imply that the M/r term is 
negligible with respect to Ar^ in the metric, which would be useless for gravity on anything but 
cosmological scales. To be useful for gravity on usual scales, we need to fine tune /3 — 3 ~ to an 
extraordinary degree. 

Until now, we have focused on static solutions, therefore we have not tested the condition of 
A = 1, needed as well in order to have four dimensional general covariance. Until now, A played only 
the role of coupling constant, but did not affect the solutions. We have gained some undestanding 
of the lack of general covariance through the comparison of Poincare and global coordinates of AdS. 

It is therefore of interest to look at solutions corresponding to objects moving at the speed of 
light, i.e. at wave solutions. In general relativity, one has the class of pp wave solutions 

ds^ = 2dx+dx- + H{x+, x'){dx+f + ^{dxif (30) 
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for which one has the 4 dimensional Ricci tensor 

R++ = -^dfHix+,x^). (31) 

For a photon, with energy-momentum tensor 

T++ = p6{x+)6'^-\x') (32) 

one obtains the Aichelburg-Sexl metric [13|, I14j. a shockwave solution, 

H{x+,x') = 6{x+)h{x'y, ^d~2h{x') = -lQiTGp5{x') (33) 

which can also be obtained by boosting a black hole of mass M to the speed of light, while keeping 
p = e^M fixed. It would be interesting to check under what conditions this metric still gives a 
correct solution, but unfortunately the invariants RijR^^ and CijC^^ are nonzero on this solution, 
as we can readily check, which means that the above ansatz will contain [(5(x''~)]^ terms, and for this 
and similar reasons, it is technically difficult to check the equations of motion for such an ansatz. 

A related solution in general relativity is the sourceless shockwave, modelling a graviton (source- 
less localized wave, travelling at the speed of light), satisfying A(^_2/i(x*) = 0, or /i(x*) = p[{xi)'^ — 
(x2)^] in 4 dimensions. In fact, the exact solution corresponding to the collision of two such shock- 
waves was found by Khan and Penrose |15j . 

Instead, we will look at the pp wave solutions of pure general relativity (with no source) that 
are also independent of x"*", H{x~^,x^) = H{x^), which are close relatives of the maximally super- 
symmetric pp waves of M theory and IIB string theory, and which have been useful in AdS/CFT 
as Penrose limits [16j. Moreover, we can think of them as being superpositions of the "graviton" 
Shockwaves. 

In the case of pure general relativity, such an ansatz will give a solution provided that /S.(i-2H{x'^) 
= dfH = 0, i.e. if 

H{x^)=p[{x,f-{x2f] (34) 

with p a constant of dimension 2. While this is not a physical solution for our own Universe, since 
it does not go to flat space at infinity, it could be thought of as approximating a collection of 
gravitational Shockwaves in a certain region of space. Moreover, it is a useful theoretical tool for 
understanding the limits of validity of Horava theory. 

Let us then investigate the similar case in Horava theory, with 

ds^ = dx^dx- + (dx+f^ix") + ^dxaf (35) 

a=l,2 

and = y lb ct. First, note that this is a solution in a flat background, so we expect it to be a 
solution only if /3 = 3 (no cosmological constant). 
With this ansatz, in the ADM split we have 

gyy = 1 + 4>; gab = Sab] Ny = -ccj); Na = 0; N = r——r (36) 

V -L + 

We obtain the invariants 
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l + 4(1 + 



2 

; Cab = 



4(1 + ,/.) 1 + 2''^''* 

da4> 
2^/T+ 



Kay = Kya= ^ ZL_ , Kaa = Kyy = {)■ K = (37) 



(2) 

Since K = 0, it follows that E^j = 0. The Ni equation reduces then to 

dlcp = (38) 

as in general relativity, thus is again solved by p4p . 

On this solution, Ryy = Ray = 0, i? ~ Rat ~ 0{1/X'^) at large X (with X any of the x^'s), 
and KijK^^ ~ l/X^ whereas Cay ~ 0{p/X), so ~ 0{p/X; nw^/X^). Thus if 

3;>K>~^=; (39) 



(where we have assumed that a is of order 1) then we can ignore the higher order curvature terms 
in the equations of motion for N and gij (in the N equation of motion the curvature terms are 
easily checked to be nonzero on the solution, so we need to make them small). Note that, since 
/3 = 3, there is no cosmological constant, so in fact Aw plays just the role of mass scale. 

Then, since K = on the ansatz, we can have any value of A, and we still obtain a solution, as 
in pure general relativity, with the only change being the renormalized value of the speed of light. 



K^/M1±3 (40) 
4 V 3A-1 ^ ^ 

which we can then check satisfies both the equation and the g^j equation. 

Thus the pp wave solution ([M]) is still a solution, independent of A, provided we stay within 
the hmit (l39l) . 

In conclusion, for the detailed balance action with a = /? = 0, or its generalization with 
f3 = —3a{a + 2), we have an unusual AdS4^ solution (in both Poincare and global coordinates), 
where we can have an arbitrary function N. This case seems therefore to be pathological, but it is 
not surprising, since the naive expectation is that we should only obtain general relativity on scales 
larger than the scale of the cosmological constant. 

At general a, (3 we have an exact AdS^ solution in global coordinates but not in Poincare 
coordinates, reflecting the lack of general covariance in the theory. 

In order to obtain an action that can approximate general relativity, we must take /? — 3 ~ 
to an extraordinary degree of precision, i.e. |/3 — 3| <C 1 + a. Of course, in our own Universe 
we have a positive cosmological constant (asymptotically de Sitter space), and not negative as we 
considered here, but imagining that in our Universe the cosmological constant had the same value 
but opposite sign, the principle is the same: we must have a fine tuning of the cosmological constant 
to an extraordinary degree of accuracy, like in the usual cosmological constant problem. Note that 
since the action that we have used is in the IR of the theory (where all quantum corrections have 
been taken into account), this is exactly the same cosmological constant problem, just that now in 
the absence of any matter fields. 
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If however we have — 3| <C 1 + a in the IR, making in effect the cosmological constant very 
small, independent of the scale then the Horava gravity for Sh + ^Sh will approximate general 
relativity at large distances. 
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